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Abstract 

We discuss the equations of motion of test particles for a version of Kaluza-Klein 
theory where the cylinder condition is not imposed. The metric tensor of the five- 
dimensional manifold is allowed to depend on the fifth coordinate. This is the usual 
working scenario in brane- world, induced- matter theory and other Kaluza-Klein the- 
ories with large extra dimensions. We present a new version for the fully covariant 
splitting of the 5D equations. We show how to change the usual definition of various 
physical quantities in order to make physics in 4D invariant under transformations in 
5D. These include the redefinition of the electromagnetic tensor, force and Christof- 
fel symbols. With our definitions, each of the force terms in the equation of motion 
is gauge invariant and orthogonal to the four-velocity of the particle. The "hidden" 
parameter associated with the rate of motion along the extra dimension is identified 
with the electric charge, regardless of whether there is an electromagnetic field or not. 
In addition, for charged particles, the charge-to-mass ratio should vary. Therefore, 
the motion of a charged particle should differ from the motion of a neutral particle, 
with the same initial mass and energy, even in the absence of electromagnetic field. 
These predictions have important implications and could in principle be experimentally 
detected. 
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1 INTRODUCTION 



Kaluza's great achievement was the discovery that extending the number of dimensions from 
four to five allows the unification of gravity and electromagnet ism. He showed that the five- 
dimensional Einstein equations, in vacuum, contain four-dimensional general relativity in the 
presence of an electromagnetic field, together with Maxwell's theory of electromagnetism. 
(There is also a Klein-Gordon equation for a massless scalar field that was suppressed at 
that time by adopting g^^ = constant). The appearance of the "extra" dimension in physical 
laws was avoided by imposing the "cylinder condition", which essentially requires that all 
derivatives with respect to the fifth coordinate vanish. 

There are three versions of Kaluza theory [0. The first one is known as compactified 
Kaluza-Klein theory. In this approach, Kaluza's cylinder condition is explained through 
a physical mechanism for compactification of the fifth dimension proposed by Klein. In 
the second version this condition is explained using projective geometry, in which the fifth 
dimension is absorbed into ordinary four-dimensional spacetime provided the (affine) tensors 
of general relativity are replaced with projective ones. 

In the third version the cylinder condition is not imposed and there are no assumptions 
about the topology of the fifth dimension. This is the usual scenario in induced-matter 
theory brane- world and other non-compact Kaluza-Klein theories [|l|, which 

assume that our four-dimensional spacetime is embedded in a world with more that four 
large dimensions. 

The study of the motion of particles provides in principle a way of testing whether 
there are extra dimensions to spacetime of the sort proposed by any of the abovementioned 
approaches. This requires the study of predictions of various theories and confrontation with 
experiment. In particular, with experiments involving the classical tests of relativity. 

The equation of motion of a particle in 5D has been studied by a number of people. Much 
of the work was based on compactified versions of Kaluza-Klein theory, where there is no 
dependence of the metric on the extra (or internal) coordinate The corresponding 

equation for the third version, where the metric is allowed to depend on the extra coordinate. 



has also been derived [jT2|-p2|. This equation is fully covariant in AD and contains some 
terms that depend on the extra dimension. It has been discussed in a number of physical 
situations p3| . Despite successful applications, this equation presents two particular features 
that we regard as deficiencies. They are: 

(i) The force terms are not invariant under a group of transformations that we call gauge 
transformations. 

(ii) The associated "fifth" force has a component parallel to particle's four-velocity. 

These two features will be discussed in the next Section. Our aim in this work is to 
provide a new version for the AD equation of motion, in which all force terms are gauge 
invariant and orthogonal to particle's four-velocity. 
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The plan for the paper is as follows. In the next section we discuss the features mentioned 
above. In Section 3, we present our splitting technique and notations. In Section 4, we 
do the splitting of the 5D geodesic. We obtain the "generalized" electromagnetic tensor 
and "projected" Christoffel symbols. We also show how to obtain the equations from a 
Lagrangian. In Section 5 we define and derive the appropriate fifth force. In Section 6, we 
discuss the initial value problem and the interpretation of the equations. In Section 7 we 
discuss some experimental/observational implications of our formulation, i.e. we address the 
question of how can one distinguish the present formulation from general relativity from an 
experimental point of view. Finally, in Section 8, we summarize our results. 



2 Statement of The Problem 

The 5D line element is taken in the form 

dS^ = ds^ + e^^{dx^ + A^dx^'f, 



(1) 



where ds^ = g^i,dx^dx^ is the spacetime interval, while $ and are the scalar and vector 
potentials. All these quantities, are functions of x^ and the extra coordinate x^. The factor 
e is taken to be +1 or —1 depending on whether the extra dimension is timelike or spacelike, 
respectively. The equations of motion are obtained by minimizing interval (1). From 



them, the equations for a test particle moving in ordinary AD are taken as P3 
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where F^^ represents the Christoffel symbol constructed from gfj_^, F^y is the usual antisym- 
metric tensor 



and 
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2.1 The Problem 



It is clear that physics in AD should be invariant under the set of transformations 

= + f{x°,x\x^,x^), (6) 

that keep invariant the given (4 + 1) splitting. Indeed, in 5D they just reflect the freedom 
in the choice of origin for x^, while in AD they correspond to the usual gauge freedom of the 
potentials 

df 

A, = A, + ^^=A, + U. (7) 

The 5D interval (|1|), the spacetime metric Qf^i, and the scalar field $ remain invariant under 
these transformations, as one expects. However, their derivatives do change as 



1 

2' 

= + (8) 



Tq/? - + -g^^{gpa,4:f,l3 + gpPAf,a " gaPAf,p) 



Also 



AfJ,^U ^Pyf ~l~ A^^if i, + f.fl^Ul 

F^u = i^M- + (^m/a* - ^M,4/,.) • (9) 

These equations show that none of the forces (gravitational, scalar or Lorenz force) in (0) 
or (^), neither their combination, remains invariant under gauge transformations. Indeed, 
direct substitution of (0)-(|^) into the right-hand side of (0) or (^, yields a combination of 
additional terms (that are of products of /^^ with g^u,4, ^^4,4 or <l>^4) which do not cancel out, 
in general. In fact, the only way to make them vanish is to require total independence of 
the extra variable. 

Thus, in the case where the metric functions depend on x^, the Lorenz and gravitational 
"force" per unit mass as given by (|^) and (0) are gauge dependent. We regard this property 
as a deficiency of equations (^) and (^. In this work we will construct a new version of 
the AD equation of motion in which each force term, separately, is gauge invariant and 
orthogonal to the four-velocity. 



3 The Splitting Technique and Notation 

One of the great advantages of general relativity is the freedom in the choice of coordinate 
system. However, in many cases, this makes the coordinates to be merely marking param- 
eters, without much physical content p4[. This is a potential source for misinterpretation. 
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The coordinates x'^, in the (4 + 1) separation given by (|T]), are spacetime coordinates, in the 
sense that dx'^ is an infinitesimal displacement in AD. However, the change of a physical 
quantity along "x^ direction" is not given by {d/dx^), in general. For this to be so, there 
should be no dependence on the extra variable at all. This is the source of the problems in 
(0) and (0), as we learn from our equations (||) and (^. 

In order to overcome these problems, we will start by considering a general five- dimensional 
manifold, with an arbitrary set of marking parameters, and will construct the physical quan- 
tities in 4D, step by step. Then we will define the "local" frame of reference that we will 
use through this work. 



3.1 AD Spacetime From 

Let us consider a general five-dimensional manifold with coordinates {A = 0,1,2,3,4) 
and metric tensor 7ab(^*")- The 5D interval is then given by 

dS^ = ^ABdi^'de. (10) 

We should assume that this bD manifold allows us to construct, appropriately (see bellow), 
a four- dimensional hypersurface that can be identified with our AD spacetime. In this hy- 
persurface we introduce a set of four parameters x^ [fi = 0, 1,2,3), which are functions of 

x^ = x'^{e,e,e,e,e). (n) 

The derivatives of these functions with respect to 



behave as covariant vector^ with respect to changes = in 5D, and as contravariant 

vectors with respect to transformations x'^ = x^{x'^) in 4D. At each point these vectors are 
tangent to the hypersurface. Therefore, in the region where they are linearly independent, 
they constitute a basis for the AD hypersurface under consideration. We will interpret this, 
appropriately defined 4D manifold, as the physical spacetime and x^ as the coordinates in 
it. 

We can now introduce the vector ip^, orthogonal to spacetime. This is completely deter- 
mined by 

e!rv^ = 0, 

lABi^^i^"" = e, (13) 



^The index in parenthesis numbers the vector, while the other one indicates its coordinate in 5D. 
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where e is retained by the same reasons as in (|1]). In order to define projected quantities, we 
will also need the set of vectors e^^-,, defined as 

^Aef^) = 0. (14) 

It is not difficult to show that e^-, behave as contravariant vectors^ with respect to changes 
_ ^A^^B^ ^jj^ covariant vectors with respect to transformations = x^{x'^) in 

AD. This follows from (|1^) and the transformation properties of 



Now, any five-dimensional vector, say Pa, can be split into two parts; a AD part P(^) = 
(if^)PA and a part parallel to ifj^, namely P(4) = Pa'iP^- The AD projection^, P(^), behaves 
like a covariant vector under general transformations in spacetime = x^{x'^) and it is 
invariant under transformations = in 5D. 

The same can be done with partial derivatives. For example, the derivative V^^a contains 
two parts: a AD part V^|(a) = V"^,Ae(\), and a part orthogonal to it, which is V^|(4) = V^^A'ip^- 

Thusg, 

V,,A = V,^^,/i^+eV,^(^,)^A. (15) 
In particular, any infinitesimal displacement in 5D can be written as 

d^^ = ef^)rfx(^) + e^^dx^^\ (16) 

where dx^^"* = e^^^d^^ and dx^^-* = tpBd.^^ represent the displacements along the correspond- 
ing basis vectors. Substituting ([16|) into (|l^) we obtain 

dS^ = ^ABef^)ef^)dx''^'Ux^''^ + e (^dx^^^f . 
Consequently, the metric of the spacetime is given by 

9f,u = ef^)e5)7AB- (17) 
We also notice the consistency relation 

ef,)4"^ = Si- e^^s, (18) 
which follows from the above separation in AD and scalar quantities. 



^In general, vectors are not partial derivatives of any function of spacetime coordinates x" . 
^P^ is the fj, component of the bD vector Pa, while Pj-^) is the projection of Pa in the direction of basis 
vector 

^Projected derivatives are denoted by a "|", followed by the direction of projection. 
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3.2 Local Frame 



Thus, in the neighborhood of each point the observer is armed with five independent vectors, 
and ip^ , that constitute its frame of reference. In order to simphfy further calculations 
we introduce a more symmetrical notation. To this end we set 



ef4) = e^^. (19) 



Now, Eqs. (|T1), (0) and ([ID become 

eSf^ef^) = 6E. (20) 
Finally, similar to Eq. we define our "local" 5D metric g{A)(B) as 

9(A){B) = ef^f(B)M- (21) 

which breaks up the five-dimensional manifold, viz.. 




kAm= T : • (22) 



The advantage of the local frame is that it provides a (4 + 1) separation which is fully 
invariant under arbitrary changes of coordinates in 5D, not only under the special class of 
transformations defined by (|^). The 5D interval becomes 

dS^ = gi^A){,B)dx'^^^dx'^^\ (23) 

In addition, from (PD|), it follows that 

1AB = efh^B^g^c)(D)- (24) 

Finally, we mention that basis indexes are lowered and raised with g{^A){B)i while bD coordi- 
nate indexes are lowered and raised with 7^1^. 



4 Splitting The Geodesic 

The plan of this Section is as follows. First, we do the (4 + 1) splitting of the geodesic 
in an arbitrary local basis. Second, we apply the general results to a particular frame, that 
we call coordinate frame. Finally, we show how to simplify the splitting procedure using the 
Lagrangian formalism. 



7 



4.1 Arbitrary Frame 

By minimizing the interval (|10D we obtain the 5D geodesic equation in covariant form 

1. ^ .d^d^'' ^ d^e . .... 

-hAB,C + 1CB,A - IACb)-^-^ + lAB-^ = 0. (25) 

Our task is to express this equation in terms of projected quantities. To obtain fully covariant 



equations, we will use our local metric (^). First notice 



ef,),,)f/(-)f/(-) + ef,)^, (26) 



dS^ (^>^^^> dS 

where 

jj(A) ^ dx^ 
dS ' 

^(A)(B)f/(^)f/(^) = 1, (27) 
is the projected 5D velocity. Now, we use (24) to express "coordinate" metric 7^5 in terms 



of local metric, and the orthogonality conditions ( PO] ) to simplify some derivatives of the 
basis vectors. With this, and substituting ( p6D into (p5|), after some algebra, we find 

2 (p{Q){N)\(P) + 9(P){N)\{Q) - 9{P)iQm)) U^^'^U^^^ + = U(a)^In)(p)U''^^ ^ (28) 



where ^(^n]{p) defined as 



•^(Af)(P) ~ ^(^^)|(P) ^^)l(Af)) (29) 



The antisymmetric nature of this quantity remind us of the electromagnetic tensor. For this 
interpretation, however, the contravariant index requires a closer examination. Let us study 
the A = X components of this tensor. Using orthogonality conditions (|2Q| ) in ( [29| ) we obtain 



We now need to remember that e^"* = {dx^/d^"^). Using this, and since {d'^/d^^d^^) = 
(dyd^^d^^), it follows that 



-^(Am - u- 



Therefore only survives. This antisymmetric tensor provides 10 degrees of freedom. 

We will see that six of them are associated with the electromagnetic field, while the other four 
with the so called fifth force. In what follows the index "(4)" in ^^^){b) ^^^^ t)e suppressed. 
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The spacetime part of ( pH]) is obtained by setting^ N = fj, 



where we have raised the free index, and f is the Christoffel symbol constructed with the 
projected derivatives, 

= 2^^^ (dpam + 9pl3\{a) " 9aP\{p)) ■ (32) 

This, "projected" Christoffel symbol is invariant under general coordinate transformations 
in bD. 

We will see in Section 4.3 that the momentum, per unit mass, projected on our local 
frame is given by p(7v) = 9{n)(p)U^^'^ ■ Then from (28), it follows that 



^ = \9p.mU'''U^'' + f/(4)^W(P)t/("). (33) 

We will use this equation in our discussion of the fifth force, in the next Section. 

The above set of equations constitutes the basis for our further discussion. They are, 
by construction, covariant under transformations of coordinates in AD, and invariant under 
general transformations in 5D. 

The conclusion from the above discussion is as follows. In the local frame we calculate 
the projected Christoffel symbols F^^. They constitute the appropriate affine connection 
to be used when calculating covariant derivatives in AD (otherwise, there will be no gauge 
invariance as in (^ and (^)). Thus, the usual gravitational "force" in 4D will be invariant 
under transformations in 5D. Then we calculate the antisymmetric tensor J-'(a){b), whose ten 
independent components (we will see) are related to the Lorentz and "scalar" force. These 
forces are proportional to U^'^\ 

4.2 Coordinate Frame 

We now apply our general equations to the particular frame used in (|I|). With this aim, let 
us then consider the special case where 

= C'^. (34) 

The spacetime basis vectors are 

= (1,0,0,0,0), 

^This is the projection on the spacetime basis vectors e^'. This projection is invariant under general 
transformations in 5D. 
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From (|T3|) we find 



= (0,1,0,0,0), 
e?) = (0,0,1,0,0), 

= (0,0,0,1,0). (35) 

ef4)=e^^ = (0,0,0,0,|), (36) 



where we have set 744 = e$ . The associated basis vectors are given by (pO[) . Denoting 
7^4 = e$^A^, we obtain 

efo) = (1,0,0,0,-Ao), 

efi) = (0,1,0,0,-Ai), 

4) = (0,0,1,0,-^2), 

efg) = (0,0,0,1,-^3), 

= e<l>(Ao,Ai,A2,A3,l). (37) 

The fine element and the AD metric become 

9f,u = i^.y-e^'^A^A^. (38) 

The interval shows the same separation as in (|l|), as one expected^. We will keep the use 
of in order to avoid any confusion with the "physical" displacement along the extra 
dimension^. Also, 



-^{.){4) = ^-e<^^.|(4)- (39) 
Finally, we substitute these expressions into the (0) and obtain the desired equation, viz., 

+ f-^f/(")[/(^) = uF'^pU^"^ + en"^ - g^^U^'^ (nA,|(4) + 9,,ii4)U^'^) , (40) 



''Under transformation (§); 7^1. = + e$^(A^/,^ + A^f^f_, + f,fj.f^^) and = (A^ + f^^), but the metric 
remains invariant = g^^. 

^In this frame, spacetime displacements are dx^, while the ones along the extra dimension are dx^'^^ = 
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where n = $f/*^^) is the same scalar as in (|^), 



^.1(4) = (41) 



and 

= {Ap^^ - A^^p) + {ApAp^i - ApAp^i) . (42) 

We will see in Section 6 that this quantity, instead of (§), plays the role of "generalized" 
electromagnetic tensor in the present 5D theory. The above equation is invariant under 
"gauge" transformations (||). The use of T'^^ guarantees the gauge invariance of the gravita- 
tional force. Also, the above defined is gauge invariant. Consequently, the Lorenz force 
is invariant too. The same is true for the "scalar" force associated with $|^. 

We conclude, from the above discussion, that equation ( ^OD should replace that in (H). 
It is not the equation of motion yet, because the later involves differentials with respect to 
ds instead of dS, and we still have to do the splitting of {dU^'^^ dS) in a "4 + 1" parts. We 
will discuss this in Section 5 too. 



4.3 Lagrangian Method 

Equation (^) gives the components of 5D geodesies on an arbitrary set of basis vectors e^"*. 
Its derivation from ( p5l) is straightforward, but involves some tedious calculations. On the 
other hand, the geodesic equation, in its general form (pSj), is obtained in a very simple, 
direct, way from the Lagrangian density 

L = llAB^^^"", (43) 

where = d^'^/dS, as usual. Therefore the question arises whether it is possible to obtain 
the components of this equation, on a given local frame e^'' , right away from a Lagrangian. 
The answer to this question is positive. To do this one should use our local metric. Indeed, 
substituting (^) into ( ^31) we get 

L = IkMrn/I'^e^'i^i'. (44) 
Now, taking the derivatives (dL/dC,^) and [dL/d^^) and using the Lagrangian equation 
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we readily obtain (^). In addition to this, we get the appropriate definitions for the gener- 
ahzed momentum per unit mass P4, viz., 



dL 



hM)iN)U^''^e^P. (46) 



From which we get its components on our local frame. They are, 

PiA) = kA)iB)U^''^ ■ (47) 

The equation governing p(^) was already obtained in (^31), while for the generalized momen- 
tum it is 

^ = \9,.cU^'^U^^^ + [9,.U^^^e% + f/(4)eg?c) (48) 

which can be obtained either from Pc = p(yi)e[^'', or from the "local" Lagrangian (0). In the 
case where the metric is independent of C,'~^ , the corresponding component of the generalized 
momentum is a constant of motion^. 

In the coordinate frame the generalized momentum, per unit mass, is given by 

P4 = n. (49) 



Its components on the local frame are 



P(A) = 9,,\ 

Tl 

P(4) = e-. (50) 

5 The Equation of Motion in 

We now proceed to obtain the equations of motion in AD. Our plan of action is as fol- 
lows. First, we find the absolute derivatives of the four- velocity. Second, we show that the 
straightforward extension, of the definition of force used in 4D general relativity, to evaluate 
the fifth force leads to some problems. Then, we proceed to split the absolutes derivatives 
and introduce a more appropriate definition for the fifth force in 4D. 
The four-velocity is defined as usual 

^(.) = 

ds ' 

g^.u'^^^u^''^ = 1. (51) 



^The 0-component, as well as the 4-coniponent can be written as, Pq = (7as,o?^C^/2) and P4 
{lAB,d^i^ f^), respectively. 
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From (|23| ) we obtain the relation between dS and ds, viz., 

dS^ = g(^Amdx^^'>dx^^^ = g^^dx^^'^dx^''^ + t{dx^^^f = ds^ + e{dx^^^f. (52) 
Consequently, 

dS = ds^ 



In order to have a more "symmetrical" notation, in what follows we set 

w(^) = (54) 
as 

To avoid misunderstanding, we stress the fact that u^^^ is not a part of the four-velocity 
vector u^^^K Now, using (0), we find 

^(-^^ = , , , (55) 



5.1 Absolute Derivative of Four- Velocity 

On the local frame, the spacetime components of the momentum (per unit mass) are given 
by (H). Thus, 



dS dS dS \ li _^ e(^i(4))2 



1 d I M(^) 



+ e(M(4))2 rfs + e(M(4))2^ 

[1 + e(«(4))2] rfs ~ [1 + e(M(4))2]2 ds ■ 
Setting = 4 in (^) we obtain 

rff/(4) 1 



(56) 



dS 2 
from which we get 

e ciw^^) _ 1 
[l + e(MW)2] ds ~ 2 



^?MH(4)f^^^^f^^'^ + eJ-(4)(P)f/(')f/(^\ (57) 



^7^H(4)«^^^«^'^ + e^(4){p)«^'^w^'^- (58) 
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We now substitute this expression into ( p6D and obtain 



dS [l + e(M(4))2] 



du 



ds 



On the other hand, from (p3D we have 



rf5 [1 + 6(^(4) )2] V2 

Equating the last two expressions we obtain 



en 



(m)(p) 



(p) 



Now we notice that 



(is 



(is 



(is 



Consequently, 



Dm 



ds 



-^(4) ^ "(p)-^(4)(p) 



(P) 



1 



+ -n(^)(7Ap|{4)n(')n(^)M(^). 



In a similar way, from ( |3T[ ) and (|5^) we obtain 



(is 



5.2 Definition of Force in the Literature 

As an extension of the concept of force in 4D general relativity 1^^, the extra (or 
force per unit mass acting on a particle is defined as |T2|-E 



'('^*)~ ds ■ 

Because this is a fully covariant AD equation one would expect 



f{lit)a — 9cr^j.f{lit) 
14 



ds 



However, as we can easily see from ( |63D and (p^), this is not so. Instead we have 

When the metric is independent of the extra variable, the last term vanishes and we have 
the correct relation between the covariant and contravariant components of the force. How- 
ever, this is not so, for the general case under consideration here. Therefore, the adoption 
of definition ( ]65| ) would lead to a theory where {Du(^^)/ds) and (Du'^^yds) would be the 
covariant and contravariant components of different vectors^. This is equivalent to taking 
away one of the most important properties of the metric tensor, which is to lower and raise 
indexes. Apart of this, the force /^^^ defined in (^5]) has the peculiar property of not being 
orthogonal to the four- velocity. All this of course means that the force defined by ( pBD is not 
a four-vector. This conclusion was recently confirmed, using another formalism, by Seahra 




5.3 Splitting Absolute Derivatives 

Our viewpoint is that we do not need to change the properties of the AD metric tensor, 
what we need is a better definition for the force. In order to do that, let us examine the 
absolute differential in more detail. Consider any AD geometrical object, for the sake of the 
argument, let say a vector V^. Then, 

= (K|(p) - T^^Va) rfx(^) + K|(4)rfx(^^ (68) 
The absolute differential separates into two parts, viz., 

W„ = + K.|(4)rfa;(^\ (69) 

where D^^^ represents the absolute differential in AD, namely 

D^^'^V^ = - t^^Vx) dx^^l (70) 

This separation is invariant under transformations in 5D, provided all derivatives are pro- 
jected appropriately and F^^ is that defined in (^). Obviously, for any object we have 

D^'\. ..)= D{. ..)-{.. .)^^,^dx^'\ (71) 

In particular, for the metric tensor 

D^'^g^. = [g,u\ip) - {t^,^gx, + ttp9xf?j] d^^'^ = 0, (72) 

as it should be. 



^There would be an ambiguity between the covariant and contravariant components of Z)u^'^^ / ds and 
Du(^,)/ds. 
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5.4 New Definition For The Fifth-Force 

In this paper we propose to define the fifth force (per unit mass) as follows 

J J ) J/j. J ? 

as as 

which, we believe, is in the original spirit of AD. With this definition the metric tensor 
preserves its property of lowering and raising indexes. Indeed, because of ([7^) we have 
fa = ga^if, as desired. 

Let us now find the contravariant components, f^. Since 



(73) 



UuA\dx^^\ we 



need to evaluate u\^4y 



*|(4)^ 



ds 

didx^^"^) c/x(^) ^ / / — rTm^\ 



Taking derivatives and rearranging terms 



d{dx 



ds 



(a) 



ds 



From this, and using that d^^ 



u 



(m) 

(4) 



dx^P\ 



we ge 



(74) 



(75) 



(76) 



For the covariant components we need M(;x)|(4). This can be obtained from above and 
U{f,) = gf,uU^''\ as 

M(m)|(4) = g^l\mu^^^ - 2«(M)^a/3|(4)M^"^M(^\ (77) 
We now have everything we need to write the AD equation of motion in appropriate form; 



ds 



+ 



(4){P) 



U 



(P) 



(78) 



Also, 



(is 



(79) 



""Another way of obtaining this result is using the comoving frame where u^''-* = 5q / ^ 



'9m- 
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To these equations, we should add the one for the evolution of u^^\ which is given by ([58|). 
Also we notice that if the metric were independent of some of the coordinates, say then 
the conjugate component of the generalized momentum (|i6D would be constant of motion. 

Pa = I \ ,^,A 9,.u(''e^A^ + eu^'^ef). (80) 

The above equations are totally general. Namely; (i) They are expressed in an arbitrary 
frame of basis vectors e^''; (ii) They are invariant under general transformations in 5D, not 
only the restricted set mentioned in (iii) They behave like AD vectors under coordinate 
transformations = x^{x'^); (iv) The metric tensor retains its property of raising and 
lowering indexes, and (v) The force is orthogonal to the four- velocity, i.e., /^m*-^-* = f"u(^a-) = 
0. 



5.5 Equations of Motion in Coordinate Frame 



Let us now specialize our choice of basis vectors. As in Section (4.2) we consider the frame 
defined by the vectors (|35|). In this frame, the non-zero components of J^(A){b) are given by 
(^). Direct substitution in (|TD yieldsQ 



ds 



HP 



e(u 



(4)\2 



Km) 



+ $(u(^))2 



A 



P|{4) 



A 



Ml (4) 



+ 



'I(P) 



+ 



ip) 



(81) 



where the projected derivative^ and F^,^ are given by equations (|4T|) and (^2]), respectively. 
The left-hand side of this equation is the spacetime component of the absolute derivative 
calculated with the projected Christoffel symbols, and it is invariant with respect to gauge 
transformations. Therefore, it is perfectly identical to that in Einstein's theory. The force 
terms on the right-hand side are deviations from four-dimensional geodesic motion. Equation 
(pl|) is the correct 4D equation and should replace that in (|^). 
The equation for u^^^ can be obtained from (|58|), which now becomes 



[l + e(M(4))2] ds 



$A^|(4) - e- 



Km) 



(82) 



These equations are invariant under the set of gauge transformations (^, which leave invari- 
ant the spacetime basis vectors e^'*. They constitute a system of five differential equations 

^^Here we omit the brackets for the components of the four-velocity because, in this frame, the coordinate 
displacements coincide with those along the basis vectors. Also u^^-* — {dx^^'^ /ds) = e^[{d(_'^ / ds) + ^^u^]. 



^^In this frame, the rule is as follows: Vi/4\ — €(¥4/^) and V](^) = V 
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with five unknown^^ namely, u^, u^, and u^^\ For a general 5D metric, with full 
dependence on the extra coordinate, and ^ 0, the solution and analysis of (|8l| ) and ( ^21) 
would probably require the use of numerical calculations. Certain simplification would be 
attained if the metric were independent of some coordinate. In this case the corresponding 
component of the generalized momentum (^9]) would be a constant of motion, viz.. 



^l + e(M(4))2 



Pa = J 83 



6 Interpretation of u^"^^ 

In the case of no dependence on the extra coordinate our equation ( |8lD correctly reproduce 
the same results obtained previously in compactified Kaluza-Klein theory Indeed, the 

terms inside the second bracket, as well as the last term, all vanish. In addition, F^,^ reduces 
to the electromagnetic tensor F^,^ defined as usual in @. In this case, the multiplicative 
term in front of the corresponding F^^, is identified with the charge-to-mass ratio, in such a 
way that the first term on the right-hand side of (0) is interpreted as the Lorenz force. 

6.1 Usual Interpretation. Case ^4^^ ^ 

We will extend this interpretation to our theory. Specifically, 

will be interpreted as the electromagnetic tensor in the Kaluza-Klein theory under con- 
sideration. Accordingly, will interpret the first term on the right-hand side of (0) as the 
"generalized" Lorentz force. Consequently, we can write 



m 



(84) 



for the charge-to-mass ratio of the test particle. Thus, in the presence of an electromagnetic 
field, we relate the electric charge to its rate of motion along the extra dimension. This is 
the usual interpretation. 



is^/g recall that u'^'^^ is not a component of the four-velocity vector. 
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6.2 Further Interpretation. Case ^4^ = 

We thus arrived at the question: How should we interpret u^'^^ in the absence of electromag- 
netic field?. 

There is no consensus answer to this. In fact many authors just leave this quantity as 
a free parameter without interpretation [|ll,[^. But let us imagine the following scenario: 
a charged particle moving in an electromagnetic field that dies off with time. According to 
the above interpretation, while the field is not zero we would relate its electric charge to 
u^^'' as in (|8^). Then, the question arises, should we abandon this interpretation as soon 
as the field dies off? Apparently, not. Because electric charge is an intrinsic property of 
the particle; it does not depend on how we switch on and off the electric field. Once the 
particle "chooses" its local frame, the quantity u^'^^ = e^^\d^^/ds) is invariant under any 
transformation = ^'^(^^) in 5D. On the other hand, we can use this freedom to make 
74^ = if we desire to switch off the electromagnetic field without changing u^^\ 

The proposal we consider here is that the electric charge of a particle is always related to 
its "velocity" u^^\ via (0), regardless of whether it is moving is an electromagnetic field or 
not. Besides the above-mentioned general ideas, we have some physical and mathematical 
reasons to consider such interpretation. 

6.2.1 Initial Value Problem 

Let us consider a particle moving in a region without electromagnetic field, and assume m^^^ 
is not proportional to the charge. Then, like we mentioned earlier, equations (|8l| ) and ( ^21) 
constitute a set of five differential equations of second order to calculate five unknownsQ; 
namely, ^ and x^. The complete specification of the solution requires the ini- 

tial values of eight quantities (not ten because there are two constraints; g^^u^u'' = 1 and 
JabU^U^ = 1). These can be taken as follows: the initial time to , six quantities corre- 
sponding to the initial position fq = {xl,xl,xl) and initial spatial velocity fq = {xl,xl,xl), 
and the initial value Uq. The trajectory of the particle would be given by0 

r = r(t - to,ro,ro,^to)- (85) 

If this were the case, we would not be able to give a complete specification of the motion of a 
particle without knowing its initial (hidden) velocity along the extra dimension. Therefore, 
different particles]^ having identical initial position and velocity would move along different 
trajectories if they have different initial values for m"^. This situation is clearly illustrated 
by a test body in radial free fall near a soliton, where the velocity in the fifth dimension 

""^^In absence of electromagnetic field there is no distinction between and 
^^Gauge transformations (||) reflect the freedom in the choice of origin for 

^^These are "classical" (not quantum particles) because they have well defined position and velocity at 
the same time. 
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affects its rate of fall in a very significant way If this were indeed the case, we would 
have a classical theory with (almost) no predicting power. Therefore, either we provide an 
interpretation for u^, or we sacrifice the predicting power of the theory. 



6.3 Our Interpretation and Final Equations 

A possible way to save the predicting power of the theory (at this level) is to consider that 



u 



(4) 



is always related to the electric charge of the particle, regardless of whether there is an 



electromagnetic field or not. In this case, the AD trajectory will be given by 



r = r(t - to,ro,ro, (gM)o)- 



(86) 



Thus, knowing the position, velocity and charge-to-mass ratio, at any given time, we are able 
to give a complete specification of the motion of a particle. This sounds more satisfactory 
from a point of view of classical physics. For this interpretation, the equation for the charge- 
to-mass ratio can be obtained from fR^I) as 



d 
ds 



1 



mj 

Km) 



•^4 1 „ 



e 

$2 



"$2 



(87) 



The corresponding equation of motion becomes 



Z}{4) 



u, 



ds 



(Ap|(4)n% - A^|(4)) $ ^ + e (<l>|(^) - u^<l>\ip)u'') $ 



(88) 



The important feature of this system is that it contains no reference to quantities in 5D. 
Elsewhere we will discuss these equations, for some particular metrics, in more detail. 

A point of interest should be mentioned here. If we set e = we erase the five-dimensional 
part of the metric; dS = ds. Then putting all derivatives with respect to the extra coordinate 
equal to zero, we obtain (q/m) = Constant from (|87|), while from (|88|) we get the AD geodesic 
with the Lorenz force. The electromagnetic field does not vanish in this limit. 



6.4 Neutral Particles 

The effects of the extra dimensions can be most readily appreciated in the case of charged 
particles, because of the force term on the right-hand side of (^). 
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In the case of neutral particles, setting g = all terms on the right-hand side of 
vanish. Therefore, the motion of neutral test particles is governed by the usual equation in 
4D general relativity, viz.. 



ds 

In addition, from equation ( pTf ) we get 



0. (89) 



g^.uAU^W = 0. (90) 

This does not imply gf^u^4 = 0, in general. Instead, this is a bilinear combination between 
the components of the four-velocity, which should be taken as a constraint equation. This 
constraint has to be solved simultaneously with the 4D geodesic equation. 

However, it is not clear whether it is possible to solve the geodesic equation subject to 
9ai3,4:U"'u^ = for an arbitrary (local) frame. On the other hand, given a five-dimensional 
metric ([l0|) we have the freedom to choose the set of 4D coordinates (|Tl|) as we wish. Except 
for mathematical simplicity, there are no criteria for this choice. In particular, there are no 
physical reasons to expect that the correct representation of our spacetime is given by the 
coordinate frame (P3[). 

A constructive way of interpreting the constraint equation (^OD is to take it as a criterion 
to select the local frame. 

We conjecture that the frame that correctly represents our AD spacetime is that for which 
the condition g^^^u^u'^ = is satisfied. Otherwise, the introduction of non-gravitational 
forces would be needed in order to keep the motion confined to spacetime [^, P5[ . 

Thus, from (|89|) we conclude that observing the trajectories of neutral test particles we 
would find no 5D effects to elucidate whether our spacetime is embedded in a world with 
more than four dimensions, like brane-world and induced matter theory. This extends the 



classical results of Cho and Park |27], to non-compact extra dimensions 



7 Effects From The Extra Dimension 

In this section we would like to comment on some observational/experimental implications 
of our work that can be used to distinguish the present theory from general relativity from 
an experimental point of view. Our discussion will be brief, with a view to inviting further 
in-depth study. 

7.1 Charge- To-Mass Ratio 

For a charged particle, its charge-to-mass ratio changes according to (^). The first prediction 
is that {q/m) varies even in the absence of electromagnetic field. In order to show this effect. 
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it is sufficient to consider the simplest case where the metric is independent of the extra 
coordinate. Equation (|87D can be integrated as 



' (91) 



(g/m)2 $2 

where C is a constant of integration. For astrophysical experiments/observations one should 
consider the metric for an isolated distribution of matter, which is pseudo Euclidean at 
spatial infinity. Assuming spherical symmetry 

dS^ = e'{dtf - e\{drf + r^{dnf] + t^\di'')\ (92) 

where [dVlY = {dOY + sin'^6{d(j)y, and the metric coefficients are some solution of the field 
equations. For example the Davidson and Owen solution [^]. The existence of the effects 



discussed here is independent of the specific details of the metric. 
The charge-to-mass ratio ( pT] ) becomes 



o\2 /0\2 $2 



mj \Mj [e(Q/M)2 + l]$2_g(Q/]Vf)2' 

where {Q/M) is the mass-to- charge ratio measured at infinity ($(oo) = 1), i.e. by instru- 
ments not affected by gravity. We see that {q/m) varies from its limiting value (Q/M) at 
infinity to {Q/M)[l + e((5/M)2]~^/2 ng^r the central object where $ ^ 1, which can be 
expected in the vicinity of black holes p9|. If the extra dimension is spacelike (timelike) 



then {q/m) increases (decreases) as the particles moves towards the center. 



7.2 Motion of Charged Particles Vs. Motion of Neutral Particles 

The next prediction is, therefore, that the motion of a charged particle will differ from the 
motion of one without charge, even in the absence of electromagnetic field. Indeed, Eq.(^) 
indicates that a charged particle will be subjected to the force 

which vanishes for neutral particles. As a result of this, the locally measured radial velocity V 
and the locally measured radial acceleration g are different for neutral and charged particles. 
Namely, in coordinate frame. 
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where E is the energy of the particle (at spatial infinity, E = M/\/l — V^). The radial 
acceleration is 



9 



1 / (q/m) 



. , / , ^-"\l-V% (96) 

where prime denotes derivative with respect to r. For a neutral particle (pSD and (|96|) reduce 
to the usual expressions in AD general relativity [pUfj . 

Thus, two different particles, one neutral and the other with electric charge, having the 
same mass and energy at infinity will be subjected to different accelerations and, therefore, 
develop different velocities. This effect could in principle be observed in experiments. 

7.3 Inevitability of Peculiar Motion of Galaxies 

Let us now consider the motion of galaxies. In FRW universe models the locations of all 
galaxies are fixed by their comoving coordinates, which do not change as they recede from 
each other. But in the real universe they develop peculiar motions, in addition to the cosmic 
expansion. 

The study of peculiar motions could in principle allow us to detect the existence of 
extra dimensions. In fact, galaxies are neutral "particles" and, therefore, the dependence 
of cosmological metrics on the extra coordinate (as in [||) leads to the constraint equation 
(pop. For diagonal metrics it reduces to 

' + (Vuf-B = 0, (97) 



900 9f* ' 9fi 

which shows that, as a consequence of the dependence on the extra dimension, not all 
components of the spatial velocity can be zero simultaneously. In other words, galaxies 
cannot be fixed in space but necessarily have some peculiar motion with peculiar velocity 
Vpec- We stress the fact that this effect was missed in the "old" Kaluza-Klein theory because 



of the imposition of the cylinder condition p7 |. 



7.4 Variation of Thomson Cross Section and Fine Structure "Con- 
stant" 



In a recent work PT| we examined in more detail the effects of a large extra dimension 
on the rest mass and electric charge of test particles. We showed that both the rest mass 
and the charge vary along the trajectory observed in AD. The constant of motion is now 
a combination of these quantities. The possibility that these quantities might be variable 
has important implications for the foundations of physics because variable mass and/or 
charge imply time- varying Thomson cross section a = (87r/3)(g^/mc^)^ for the scattering of 
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electromagnetic radiation by a particle of charge q and mass m. This has been recognized 
by Hoyle ||32| and recently discussed from another viewpoint in 
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Also the variation of electric charge q implies the variation of the electromagnetic fine 
structure "constant" aem = q'^/{4:7ihc). The latter has attracted considerable attention in 
view of the recent observational evidence that aem might vary over cosmological time scales 
3^-13^. This, of course, requires the time variation of at least one of the "constants" (g, h 
and c). However, recently a number of theories attribute the variation of the fine structure 
constant to changes in the fundamental electron charge and preserve c (Lorentz invariance) 



and h as constants [371- 41 



Other consequences of the present formulation have been discussed in Refs.|42| and [43 



Finally, we note that the details (but not the existence) of the effects discussed here will 
depend on the specific model. This should give one the opportunity to test different models 
for their compatibility with observational and experimental data. 



8 Summary and Conclusions 

In this paper we have discussed the equation of motion of test particles for a version of 
Kaluza-Klein theory where the cylinder condition is not imposed. In this version, the metric 
tensor in 5D is allowed to depend on the fifth coordinate. 

The equation of motion describing the trajectory of a particle as observed in AD has 
been discussed in the context of space-time-matter theory and membrane theory. In these 
discussions the force (per unit mass) is defined as in equation (^). This force, which we call 
f(iit)fi, has a term parallel to the four- velocity of the particle. The existence of such force- 
term is a violation of four- dimensional laws of particle mechanics where u^f^ = 0. Besides, 
this force can be finite or zero depending on the choice of coordinates and motion parameter. 
This is explicitly mentioned in references [jl6| and , and brings up the question of whether 



such abnormal force (or acceleration) is an effect from a large extra dimensions or it may be 
an spurious one due to wrong choice of frame or motion parameter. 

This is disturbing because the results of physical observations generally do depend on the 
observer's frame of reference, but never on the particular set of coordinates, or parametriza- 
tion, used. 

The advantage in this paper, with respect to other studies on the subject, is that at each 
step we make a clear difference between system of reference (defined by our choice of basis 
vectors) and system of coordinates. 

Our main philosophy in this work may be summarized as follows. 

(i) The equations in AD should be invariant under transformations in 5D. (ii) The 
metric tensor should lower and raise indexes, in such a way that covariant and contravariant 
components of a vector are simple related by = g^uV'^. (iii) The (classical) theory should 
give a complete (deterministic) description of the motion of test particles. 
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As a consequence of (i) we obtained that covariant derivatives in AD should be calculated 
with the projected Christoffel symbols FJJ^ defined in (|3^) . In addition, we obtained the 



appropriate electromagnetic tensor invariant under 5D transformations. In the coordinate 
frame, it is given by (^21) , which generalizes the usual one 

In order to fulfill our condition (ii) we had to split the absolute derivative in such a way 
that the AD covariant derivative of the metric tensor Qpx, with respect to F^^,, vanishes. Then 
a new definition for the fifth force was proposed, such that = g^uf^- This newly defined 
force turn out to be always orthogonal to the four-velocity of the particle. 

As a consequence of our requirement (iii), that the equations completely specify the 
motion of the test particle, we identified the "hidden" parameter (associated with the rate 
of motion along the extra dimension) with the electric charge, regardless of whether there is 
an electromagnetic field present or not. The appropriate general equations of motion were 
derived. 

It is important to note that the effects discussed in Section 7 are inevitable consequences 
of the assumed existence of extra dimensions. These effects should be observable, because 
they do not depend on the choice of coordinates or motion parameter. Their existence is 
model independent. However, the specific details will depend on the specific model. This 
should allow us to test different theoretical models with observational data. 

We would like to finish this paper with the remark that the general AD equations of 
motion in an arbitrary spacetime frame e^'' are given by ([79|) . Their particular version in 
the coordinate frame is given by (|8T|). The validity of these equations is independent of 
the interpretation of u^^\ Most probably, is better to work with them keeping zlq as a 
free parameter. Thus leaving the possibility of different scenarios and interpretations. The 
theory discussed here can be easily extended to any number of dimensions. 
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